The attenuation effect of seismic waves has been recently incorporated into a fractional Laplacian viscoacoustic wave equation. Solving this equation requires a special treatment for the fractional Laplacian operators. The previous promising approach involves using a Hermite distributed approximating functional (HDAF). As a local-spectral method, HDAF method possesses the accuracy of a global method. However, the computational cost of the HDAF method increases dramatically as the complexity of the Q model increases. In this paper, we propose to use a phase shift plus interpolation (PSPI) technique to reduce the computational expense of HDAF method. The basic idea is to compute reference wavefileds for a set of reference Q 0 s and estimate the final wavefield using interpolation. Synthetic examples demonstrate the PSPI technique can greatly reduce the computational cost of HDAF method while preserving the accuracy.
INTRODUCTION
As seismic waves propagate through the Earth, they lose energy due to the geometrical effect of the enlargement of the wavefront and the intrinsic absorption of the Earth (Aki and Richards, 2002; Kennett, 2013) . In particular, the existence of the hydrocarbon reservoirs will typically cause strong attenuation of the seismic wave. Considering the effects of seismic attenuation is necessary for the accurate characterization of wave propagation in realistic media and subsequent imaging, especially true amplitude imaging (Hou and Symes, 2015) . Various Q models have been proposed to quantify the effects of anelastic attenuation on the seismic wave, see for example Futterman (1962) ; Muller (1983) ; Ursin and Toverud (2002) . Among them, the Kjartansson constant Q model (Kjartansson, 1979) , which assumes Q is frequency-independent, seems to provide an adequate fit to most seismic data in practice.
Such a constant Q model, however, introduces a fractional time derivative, whose numerical implementation requires large computational memory (Carcione, 2010) . Chen and Holm (2004) proposed to adapt the fractional Laplacian operator to model anomalous attenuation behavior in homogeneous media, which overcomes the high memory expense. Since then, multiple efforts have been made to take advantage of fractional Laplacians for attenuation and velocity dispersion. Subsequently, a decoupled wave equation has been derived by to account separately for amplitude attenuation and phase-dispersion effects.
A key problem for solving such types of wave equation is the implementation of the fractional Laplacian operator (Zhu and Carcione, 2014) . It was initially implemented using the generalized Fourier transform approach, which uses an averaged fractional power in the profile. This implementation is clearly at the cost of accuracy, especially for the heterogeneous Q model. Low-rank type approaches improve the accuracy by providing a low-rank approximation to the fractional Laplacian operators (Sun et al., 2015; Chen et al., 2016) . The drawback for this type of method is the intensive use of the Fourier transform. Yao et al. (2017) introduce a local method based on the Hermite distributed approximating functional (HDAF). However, the computational cost of HDAF method increases dramatically as the complexity of the Q model increases.
In this paper, we propose a phase shift plus interpolation (PSPI) technique to reduce the heavy computational burden of HDAF method. The PSPI (Gazdag and Sguazzero, 1984) method is originally proposed to deal with strong lateral velocity variations. The idea of PSPI is to compute reference wavefields for a set of reference velocities and obtain the full wavefield by interpolation. In our case, we deal with different Qs rather than velocities.
In the following sections, we will first review the fractional Laplacian viscoacoustic wave equation and how to solve it locally using HDAF; we then discuss the solution's acceleration with PSPI; we end with two numerical experiments, demonstrating that the PSPI method makes HDAF practical.
THEORY Viscoacoustic Wave Equation
The Kjartansson constant Q model (Kjartansson, 1979) , i.e., frequency-independent Q model, is widely used in exploration seismology. Based on such a Q model, the 2D viscoacoustic wave equation with decoupled fractional Laplacians is given by :
Here P(x,t) is the pressure wavefield, g is a dimensionless parameter determined by the quality factor Q and
with c 0 (x) being the velocity defined at the reference frequency w 0 . It can be easily derived that 0 < g < 0.5 for any positive finite Q. Notice here most of the variables are space dependent.
The benefit gained that differentiates this fractional viscoacoustic wave equation from the traditional fractional time derivative approach is the separate modeling of velocity dispersion and amplitude loss phenomena of seismic imaging. This means less effort is required to compensate for attenuation effects in reverse-time migration imaging (Zhu, 2014; .
Obviously, when the medium is acoustic, Q ! • and g ! 0.
The viscoacoustic equation 1 reduces to the classic acousticwave equation. The viscoacoustic medium means Q is a finite positive number, requiring the explicit computation of the fractional power of the Laplacian operator. If we assume Q is independent of the space position (i.e., homogeneous Q), the fractional Laplacian operators can be easily solved by a Fourier-based approach. However, Q is often highly dependent on the spatial coordinate in practice.
A natural tradeoff is to approximate the spatially varying g with its average value . This solution, however, sacrifices accuracy for heterogeneous models. Lowrank approximation provides a better solution for such problems by computing a more accurate approximation to fractional Laplacian operators (Sun et al., 2015; Chen et al., 2016) . The price paid for low-rank type methods is the intensive use of the Fourier transform, which can easily become overwhelming. Yao et al. (2017) introduced a local method, HDAF method, to compute numerical approximations for the fractional Laplacians, which will be reviewed in next subsection.
Review of HDAF method
The HDAF kernel d M (x x 0 , s ) is constructed as a two-parameter (s and M) sequence which converges to the Dirac delta function (Hoffman and Kouri, 1995) . This construction enables the HDAF to approximate an analytic function as well as its derivatives with a discrete set of values of the function only. Essentially, this is a mimic of the Dirac delta function.
where a 2 R and u a (x) is the a th derivative of function u(x). When a is an integer, the expression of the a th derivative of d M (x x 0 , s ) can be derived analytically. The Fourier-based method will be required for a noninteger a. The approximation employed here is actually due to the fact that the HDAF kernel is a bandpass approximation of the Dirac delta function. In the HDAF definition, M controls the smoothness and s controls the passband width of HDAF. With this property, it has been successfully applied to solve the nonlinear wave equation (Kouri et al., 1999) and fill gaps in seismic data (Lesage et al., 2015) . We omit the detailed expression of HDAF kernel here. Please refer to Hoffman and Kouri (1995) for details.
The extension to the 2D case is intuitive :
Notice the parameters M and s can be different in x and z directions.
The 2D version is still an approximation of the Dirac delta function and hence has the property (in a discrete form):
where 4 x and 4 z are the uniform grid spacings in x and z directions. And W 1 and W 2 are the stencil lengths along x and z directions, respectively.
With this property, the 2D fractional Laplacian operators in equation 1 can be approximated by the HDAF kernel : Comparing to other methods used to approximate the fractional Laplacian operators, the merits of HDAF method are:
(1) simple: the HDAF kernel d a M only needs to be calculated once for any given a; (2) accurate: HDAF method is close to the traditional local methods (e.g., finite difference and finite element) in the sense that HDAF transforms the fractional Laplacian operator into a matrix vector multiplication that only involves banded matrix representation. At the same time, it still preserves the exponential accuracy of a global method, such as spectral method.
The drawback of this method is the expensive computational cost. In general, a large W (i.e., more local points) is necessary to ensure the accuracy of the approximation when a < 1. In addition, for complex Q models, different Q values need different HDAF kernels, which implies more convolutions need to be performed at each time step. It becomes extremely challenging when the Q model involves too many Q values. We propose to alleviate the computational cost with PSPI technique.
PSPI Technique
The PSPI technique was introduced by Gazdag and Sguazzero (1984) to deal with strong lateral velocity variations while keeping the computational complexity to a minimum. The basic idea is to use several reference velocities, rather than the true velocities, to account for the strong lateral variation. We adopt this technique to alleviate the computational cost of the HDAF method. Instead of using the original Q model to calculate HDAF kernel, we select several reference Qs. Based on the relationship of the local Q and the reference Q, the final wavefield is obtained by interpolating the reference wavefields.
Clearly, it is a crucial task to select the reference Q properly. The computational cost of such method is proportional to the number of reference Q. From the cost-effectiveness point of view, one requires as few as possible number of reference Q. However, this sacrifices the accuracy. Therefore, we need to select the most representative reference Q.
The workflow for selecting reference Q used in this paper is as follows: (1) We first sort Q values appearing in the model. (2) We then group the Q starting from the minimal Q. The smallest Q is used as the base for the current group. Any Q that is less than Q(1+ p) will fall into the current group. p here represents percentage and is a user-defined parameter. (3) We repeat the same procedure for the next available Q until all the Qs have been grouped. The smallest Q in each group will be selected as reference Q. Before the wavefield propagation actually starts, we precompute the HDAF kernel for the reference Q. Linear interpolation method is used to estimate the wavefield.
NUMERICAL EXAMPLES
In this section, we will consider two synthetic examples to illustrate the effectiveness of accelerating HDAF Q modeling using PSPI.
BP gas cloud model
The first example, as shown in Figure 1 , is the BP gas cloud model modified from the BP 2004 benchmark model by . The model is discretized on a 161 x 398 grid with a spatial sampling interval of 12.5 m for both x-and zaxes. A 20 Hz Ricker wavelet with 1 ms time sampling is used to simulate the wave propagation. The source is located in the middle of the model at (2500 m, 1000 m). Figure 2 plots the wavefield at 500 ms using the HDAF method. No PSPI has been adopted at this point. This will serve as the benchmark for the following experiments. We next run the experiments with the PSPI technique. Different percentages will be used to select the reference Q. Clearly, the larger percentage is, the fewer reference Q will be used. Figure 3 plots the snapshot at 500 ms for different percentages and the differences compared to the benchmark snapshot in Figure 2 . The computing times of these experiments and the resulting relative errors are compared in Table 1 . The relative error is basically the difference between the computed wavefields and reference wavefields divided by the reference wavefields in l 2 norm. The comparison clearly demonstrates that we can reduce the computing time significantly without causing a noticeable error.
To better compare the results, we pull out the middle trace at 2480 m. Since the errors for all the test cases are fairly small, only the one for percentage = 0.6 (largest error) is plotted in 
Marmousi model
Another example we consider is the marmousi model, as shown in Figure 5 . The model is discretized on a 281 x 961 grid with 12.5 m grid spacing in all directions. This experiment is extremely challenging for the original HDAF method since it has 6010 unique Q values in the profile. That is to say, we need to calculate 6010 HDAF kernels first and use all the kernels for convolution at each time step, which is impractical. Instead we use PSPI with percentage=0.01 to create the benchmark, as shown in Figure 6 . The source is located in the middle of the model to simulate the wave propagation. Figure 7 plots the snapshots at 500 ms for different percentages and the difference compared to the benchmark snapshot in Figure 6 . In practice, we are more interested in the seismic data recorded. As a result, we put the source at the surface and generate two shot gathers, which are then compared in Figure 9 . In this comparison, we use percentage 0.05 and 0.6. The computation cost of percentage 0.6 is about 1/4 of the case for percentage 0.05. The corresponding difference is only 0.4%.
CONCLUSIONS
We propose to use PSPI technique to reduce the computational cost of HDAF method for solving the fractional Laplacian viscoacoustic wave equation. We tested our HDAF-PSPI algorithm with two heterogeneous Q models. Our results show that less than 10 Q references are typically enough to ensure the accuracy of the wavefield. 
